The nonlinear version of the generalized laminated plate theory of Reddy is presented, and it is used to investigate nonlinear effects in composite laminates. A plate-bending finite element based on the theory is developed, arid its accuracy is investigated by comparison with exact and approximate, solutions to conventional plate theories. The. element has improved description of the in-plane as well as tbe transverse deformation response. The theory is further applied to study various aspects of the geometrically nonlinear analysis of composite plates. It is shown that inclusion of the geometric nonlinearity relaxes stress distributions and that composite laminates with bending-extensional couplhig do not exhibit any bifurcation (i.e., no apparent critical buckling load exists).
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Formulation of the Theory
The principle of virtual displacements is used to derive a consistent set of differential equations governing the equi- Displacements and Strains The displacements (u I ,U2,U3) at a point (x ,y ,z) in the laminate are assumed to be of the form 2 where (u ,v, w) are the displacements of a point (x ,Y ,0) on the reference plane of the laminate, and U and V are functions that vanish on the reference plane: Ul (X ,y ,z) = u(x ,y) + u (x ,y ,z) 
U2(X,Y,Z) = v(x,y) + V(x,y,z) U3(X,Y,Z) = w(x,Y)
au aw 2E,.-= -+-,
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The displacement field in Eq. (1) forms the basis of the present theory.
The von Karman strains associated with the displacements in Eq. (I) ,Iobal response over the classical laminate theory because the (ormer account for transverse shear strains. Both classical and refined plate theories based on a single continuous displacement field through thickness give poor estimation of interlaminar stresses. The fact that some important modes of failure are related to interlaminar stresses motivated researchers to search for refined plate theories that can model the layer-wise kinematics appropriately and predict interlaminar stresses accurately.2-5 For example, a study of localized damage (e.g., delaminations) requires a more precise representation of the laminate deformation than that allowed by the equivalent single-layer laminate theories. The generalized laminate theory proposed by Reddy2 and advanced by him and his colleagues" 7 allows layer-wise representation of the displacement field and results in an accurate determination of stresses. With the choice of linear approximation of the in-plane displacements through the thickness of each layer, continuous interlaminar stresses can be recovered. 5 -7 Analytical solutions of the linear theory were developed for plates' and cylindrical shells 7 to evaluate the accuracy of the theory compared to the three-dimensional elasticity theory. The results indicated that the generalized laminate plate theory allows accurate determination of interlaminar stresses. Furthermore, this theory provides a detailed description of the laminated nature of the plate, adequate for the study of localized damage.
The~tesent study is an extension of Reddy's theory2 to illSlude geometric nonlinearity, to develop its nonlinear finitẽ In order to reduce the three-dimensional theory to a two-dimensional theory, it is necessary to make an assumption concerning the variation of U andiV with respect to the thickness coordinate z. To keep the flexibility of the degree of variation of the displacements through thickness, we assume that U and V are approximated as (8 
where (nx,ny ) denote the direction cosines of a unit normal to the boundary of the midplane O.
Substitution of Eg. (9) (u,y,W,Ui,yi) . The form of the geometric and force boundary conditions is given below
The approximation in Eqs. (4) 
where p is the distributed transverse load, and
The Euler-Lagrange equations of the theory are 
. T . , . ,
The finite element model is given by
Finite Element Formulation The generalized displacements (u, v, w,u i , vi) are expressed over each element as a linear combination of the two-dimensional interpolation functions t/li and the nodal values (Uu Vi, wi,ul, vI) as follows':
Similarly, the nonlinear component of the strains can be written in the form where m is the number of nodes per element. Using Eqs. (3) and (4), the linear components of the strains can be expressed in the form
The matrices (B), [11) , and (BNLJ are given in Appendix A. Using Eqs. (12) in the virtual work statement of Eq. (6a), we obtain o= 10 (16.: Figure 2 contains the transverse deflection as a function of the load parameter, which compares well with that of Ref. 10. For isotropic plates, the distribution of stresses and displacements through the thickness is linear, as shown in Fig. 3 . :The maximum stress, at the surface of the plate, is due to bending. The effect of the nonlinearity is to reduce the value of stress at the top and bottom surfaces and to increase it at the middle surface of the plate. The stress results presented in Fig. 3 correspond to the point:
Next, the interlaminar shear stresses (0.\4 and Oyz) are recovered 6 from the equilibrium equations
The nonlinear equations are also linearized to formulate the eigenvalue problem associated with bifurcation (buckling) analysis, (17) 
Cross-Ply [0/90] Simply Supported Plate under Uniform Load A simply supported cross-ply [0/90) laminate under uniform transverse load is analyzed. The geometry used is the same as in the preceding example. The following material properties and boundary conditions are used:
where [K D ] is the linear part of the direct stiffness matrix (13), and [KG) is the geometric stiffness matrix obtained from the nonlinear part of Eq. (13) by perturbation of the nonlinear equations around the equilibrium position. 13 
Numerical Examples
The first couple of sample problems are intended to validate the nonlinear finite element model developed herein. The problems of composite .laminates are seleGted to illustrate certain aspects of the solution that are not often seen in isotropic plates or even symmetric laminates.
where cPl (X,y) and cP2 (X,y) are the rotations about the y and x axes, respectively. These rotations can be expressed in terms of the u j and v j at the nodes. For example, tP2(X,y) = 0 is satisfiedby -setting all vi =0 through the thickness at· that (x,y) location.
---Unear _ _ Nonlinear 0.5270. It is clear that the effect of the geometric nonlinearity is to reduce the maximum stress from the value predicted by the linear theory. As can be seen from Fig. 1 , the membrane effects dominate over the bending effects as the load is increased. The linear theory overestimates the stress at the surface and underestimates it at the middle surface. Composite materials, usually stronger in tension than in shear, can be used more efficiently in situations where membrane forces are significant. .~i&. ., 
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Fil.4 Simply supported cross-ply (0/90) plate under transverse load; both theories. GLPT and FSDT, and botb models. 2 x 2 quarter plate and 4 x 4 lull plate, product tbe same transverse denectlons. In order to investigate the effect of the symmetry boundary conditions, results.on both a 2 x 2 quarter-plate and a 4 x 4 full-plate model are reported in Fig. 4 . For cross-ply plates, the symmetry boundary conditions used in the quaner-plate model are found to be identical to the correspondina values obtained from the full-plate model. Therefore, the maximum transverse deflections as a function of the load parameter~, shown in Fig. 4 , are identical for both models. This turns out not to be the case for angle-ply laminates as we shall see in the next example. Note that both the first-order shear deformation theory (FSOn and the generalized laminated plate theory (OLPT) predict identical values of the transverse deflection w in Fig. 4 because the shear deformation effects are negligible for the thickness ratio (a/h = 5(0) considered in this example. The distribution of the in-plane normal stress au at x = y = O.'26a is shown in Fig. S , and the distribution of the interlaminar shear stress ax:. at x = 0.9730, y = 0.5260 is shown in Fig. 6 . The values of stresses reduce with the increasina load. The reduction of interlaminar stresses is of definite significance for composite materials, usually stronger in tension than in shear.
Simply Supported Anl~·PI, (45/ -45) Plalf under Uniform Load
In order to investigate the effect of the symmetry boundary conditions for angle-ply laminates. we consider a 2 x 2 mesh to model a quarter of a plate and a 4 x 4 mesh to model the full plate. The nine-node quadratic element is used. The material properties, load, and geometry are the same as in the preceding example. Load-deflection curves obtained from both models are shown in Fig. 7 . A discrepancy between the load-deflection curves of the two models is observed; the full model is more rigid. In order to explain this discrepancy, it must be noted that the symmetry boundary conditions used in the quarter-plate model were derived II using the exact solution to the linear problem formulated in terms of the FSDT. For the angle-ply case, the assumed GLPT solution is of the plate for the linear case:
However, once the nonlinear terms are incorporated into the stress resultants of Eq. (J Oa), the force boundary conditions are no longer satisfied: =0.24 . Although an exact solution of the eigenvalue problem associated with the buckling equations exists for this case,}2 the boundary conditions used to obtain that solution cannot be used for the nonlinear analysis. For the nonlinear analysis, the boundary conditions have to allow an applied load t N x =0 and Ny ="AN)(). The nonlinear response is shown in Fig. 10 , normalized with respect to the critical load obtained by an analytical solution. It is evident that the nonlinear analysis estimates the critical load accurately. An excellent correlation between GLPT-and FSDTpredicted·deflections is observed. l'heeigenvalue problem, which leads to an accurate prediction of the critical load for laminates without bending-extension coupling, is formulated with the assumption that prebuckling deformations do not include nonzero transverse deflections. This assumption is not satisfied in the next example.
."Ig. ffect of the aluminum layers that contribute to the averaged hp~r~tiffnpc-<: nf thp plate with their hhzh shear modulus. TheGLPT assumes a constant value of the shear strain A yZ on each individual layer. Consequently, GLPT predicts large shear strains in the Aramid layers that lead to the correct value of the shear stress uy;, as shown by solid lines in Fig. 9 . The integration of the equilibrium equations s . 6 that takes into account the layer-wise constant value of.a yZ produces a parabolic distribution of a.,z on each layer as shown in Fig. 9 . Further comparisons of fnterlaminar stress distributions with three-dimensional elasticity solutions and various plate theories can be found in Refs. 5, 6, and 13. Since. the force boundary conditions are automatically set to zero in a finite element model in which corresponding displacements are not specified, the problem solved is not the one in which Eq. (20) is valid. Since a plate with nonzero in-plane forces is stiffer than with zero in-plane forces, the associated transverse deflections will be different with the quarter-plate model yielding larger defleQtions. Note that the transverse deflections predicted by GLPT compare very well with FSDT in Fig. 7 .
I t can be shown that the normal to the middle plane does not remain straight after deformation, as is assumed in FSDT.
The distribution of in-plane displacements of the point x = 0, y =30/4 (relative to the middle surface displacement) through the thickness of the laminate is shown in Fig. 8 . With increasing load, the bending effect reduces and so also the departure of the distribution of in-plane displacements from a straight line.
Hybrid Composite Laminates
This exampl.e is included to compare the prediction of interlaminar shear stress obtained with the FSDT and the GLPT presented in this work. Consider a five-layer laminated plate composed of aluminum and Aramid layers. Each aluminum layer is 0.03048 mm thick, and each Aramid layer is 0.0288 mm thick (see Fig. 9 ). The plate is simply supported and subjected to a uniformly distributed transverse load. The distribution through the thickness of u Y4 =[(h/po Q») u Y :' is shown in Fig. 9 .
The FSDT assumes a constant value of the shear strain 1'Y1. through the entire thickness of the plate. Consequently, FSDT pr04u~~_~a layer-wise constant value of u Y 1.predicting a low value of a yZ in the Ai-amid layers due to their small shear modulus and to the fact that the shear strain is small due to the I .
An antisymmetric cross-ply iminate under in-plane load
The matrices (B), (bl, and (BNd appearing in the strain-disNy =). N,o (iv,o=6 .2S N/m) is4Pnsidered next. In this case the placement relations of Eqs. (12) 
